We characterize minimal open sets in topological spaces. We show that any nonempty subset of a minimal open set is pre-open. As an application of a theory of minimal open sets, we obtain a sufficient condition for a locally finite space to be a preHausdorff space.
1. Introduction. Let X be a topological space. We call a nonempty open set U of X a minimal open set when the only open subsets of U are U and ∅.
In this paper, we study fundamental properties of minimal open sets and apply them to obtain some results on pre-open sets (cf. [2] ) and pre-Hausdorff spaces.
In Section 2, we characterize minimal open sets, that is, we show that a nonempty open set U is a minimal open set if and only if Cl(U) = Cl(S) for any nonempty subset S of U . This result implies that any nonempty subset S of a minimal open set U is a pre-open set.
In Section 3, we study minimal open sets in locally finite spaces. The results of this section are closely related to the work of James [1] , and these results will be used in the next scetion.
In Section 4, we apply the theory of minimal open sets to study pre-open sets. Our first main result of this section is a property of the set of all minimal open sets in any nonempty finite open set which is not a minimal open set. This result enables us to prove a generalization of Theorem 2.5, when U is a nonempty finite open set, in Theorem 4.4. Theorem 4.5 shows that our theory of minimal open set is useful to study pre-open sets.
Finally, we show that some conditions on minimal open sets implies pre-Hausdorffness of a space, that is, if any minimal open set of a locally finite space X has two elements at least, then X is a pre-Hausdorff space.
Minimal open sets.
Let (X, τ) be a topological space. 
Then, we have W ∩S ≠ ∅ and hence x is an element of Cl(S). It follows that U ⊂ Cl(S).
(2)⇒(3). For any nonempty subset S of U, we have Cl(S) ⊂ Cl(U). On the other hand, by (2), we see Cl(U ) ⊂ Cl(Cl(S)) = Cl(S). Therefore we have Cl(U) = Cl(S) for any nonempty subset S of U .
(3)⇒ (1) . Suppose that U is not a minimal open set. Then there exists a nonempty open set V such that V ⊊ U and hence there exists an element a ∈ U such that a ∉ V . Then we have Cl({a}) ⊂ V c , the complement of V . It follows that Cl({a}) ≠ Cl(U).
The family of all pre-open sets in (X, τ) will be denoted by PO(X, τ), (cf. [2] ).
A space (X, τ) is called pre-Hausdorff if for each x, y ∈ X, x ≠ y there exist subsets U , V ∈ PO(X, τ) such that x ∈ U, y ∈ V , and U ∩ V = ∅. 
Proof. By Theorem 2.5(2), we have Int
U ⊂ Int Cl(S). Since U is an open set, we have S ⊂ U = Int(U ) ⊂ Int Cl(S).M ∪ S) = Cl(M) ∪ Cl(S) = Cl(M) ∪ Cl(U) = Cl(M ∪ U). Since W ⊂ Cl(M ∪ U) = Cl(M ∪ S) by assumption, we have Int(W ) ⊂ Int Cl(M ∪S). Since W is an open neighborhood of M, namely W is an open set such that M ⊂ W , we have M ⊂ W = Int(W ) ⊂ Int Cl(M ∪S). Moreover we have Int(U) ⊂ Int Cl(M ∪ U), for Int(U ) = U ⊂ Cl(U ) ⊂ Cl(M) ∪ Cl(U ) = Cl(M ∪ U). Since U is an open set, we have S ⊂ U = Int U ⊂ Int Cl(M ∪ U) = Int Cl(M ∪ S). Therefore M ∪ S ⊂ Int Cl(M ∪ S).
Proof. By assumption, we have
The condition of Theorem 2.7, namely W ⊂ Cl(M ∪ S), does not necessarily imply the condition of Corollary 2.8, namely W ⊂ Cl(S). We have the following example. 
Since V is a finite set, this process repeats only finitely. Then, finally we get a minimal open set U = V n for some positive integer n. 2) we have the result. 
Therefore we have the result.
The following result is a generalization of Theorem 2.5, when U is a nonempty finite open set. (
Proof. ( 
by Theorem 2.5(3) . (2)⇒(3). For any nonempty subset S i of U i with i ∈ {1, 2,...,n}, we have Cl(S 1 ∪S 2 ∪ ···∪S n ) ⊂ Cl(U ). On the other hand, by (2), we see
Therefore we have Cl(U ) = Cl(S 1 ∪S 2 ∪···∪S n ) for any nonempty subset S i of U i with i ∈ {1, 2,...,n}.
(3)⇒ (1) . Suppose that V is a minimal open set in U and V ≠ U i for i ∈ {1, 2,...,n}. Then we have V ∩Cl(U i ) = ∅ for each i ∈ {1, 2,...,n}. It follows that any element of V is not contained in Cl(U 1 ∪ U 2 ∪ ··· ∪ U n ). This contradicts the condition (3) because Proof. By Theorem 4.4(2), we have
Since U is an open set, then we have
Then we have the result. by Theorem 4.5 and the assumption. We remark that we use the assumption that any minimal open set of X has at least two elements for the case U i = V j for some i and j in the argument of cases (2) and (3).
Therefore X is a pre-Hausdorff space.
